Covariance and correlation between the payout outcome of time-overlapping binary options with
differing strike prices on the same underlying asset

Consider two binary option contracts on the same underlying asset S:
i. A cash or nothing call option with strike price K; and time to expiry a + b
ii. A cash or nothing call option with strike price K, and time to expiry b + c.

The options are simultaneously active for a time length of b, and option(ii) starts a time length of a
ahead of option (i).

Let X and Y be the payout outcomes (including purchase prices) of both options respectively. One can
model X and Y as random variables which take the value W; & W, with probability p; & p, and value L,
& L, with probability (1 — p;) & (1 — p,) respectively.

Assuming S follows a geometric brownian motion (GBM) process with drift rate 1 (equivalent to the

risk-free rate) and volatility o, what is the correlation between the payout outcomes?

Using the gaussian increment property of a GBM process, one can model the variation of the log returns
of S for a specific timeframe as a sum of normal iid random variables. Let (1). ZIJ\/E + sz/g and (2).
Zza\/z + Z30\/E describe the log returns of S during the active timeframe of options (i) and (ii)

respectively, where Z;, Z,, and Z3 are standard normal random variables. ZZG\/E is the variation of the
log returns when both options are active simultaneously, and thus present in both (1) and (2). The
covariance and correlation between (1) and (2) are as follow:

Covariance(Zlax/E+ Zza\/z, Zza\/z+ Z3a\/E)

E[(ZioVa + Z,0Vb)(Z,0Vb + Z30Vc)] — E(Zy0Va + Z,oVb) E(Z,0Vb + Z30+¢)

= E(Z1Z,0%Vab) + E(Z302b) + E(Z,Z30*Vbc) + E(Z;Z302Vac) — 0
=0o?b (3).
Correlation(Zlax/E + Zza\/z, Zza\/y + Zgax/E)

_ Covariance(Zla\/E+ Zza\/E,Zza\/E+ Z30\/E)
\/Var(le/E+ ZVb)Var(Z,Vb + Z3\c)

b
- J(a+b)(b+c) (4).

With the knowledge of (3) which is a constant, one is able to model B = (B4, B,)7, the pair of log
returns of S during the active timeframe of option (i) and (ii) perfectly with a bivariate normal



a? a? r
distribution with mean vector u = (r - ?) (a + b), (r - 7) (b +¢) ] ,and covariance matrix X' =

<02(a +b) a%b

) 2 . Thus, the covariance and correlation of X & Y are as follow:
o°b o°(b+r0)

Covariance(X,Y)
=E(XY) - E(X)E(Y)

= W, W, P(Both win) + W;L,P(first wins,second loses) + L W,P(first loses, second wins) +
LiLyP(Both lose) — (Wipy + Li(1 —p1))(Wops + Ly(1—p2)) (5).

To evaluate (5), one needs to calculate the probability weights for all XY outcomes. Let S, be the price

—1 a2
@ *(p1)ova+b +(r—7>(a+b)

of S when option (i) becomes active. Also, let K;be Sye and K, be

Soe—qs—l(pz)m/m +(r—"72)(b+c)

receiving the payout (p;and p,). Then

which are implied strike prices of the options given their probabilities of

_o-1 _a? —p~1 _e?
P(Both win) = P(S,e™ > Sye™" (p)oVarh +(r 2)(a+b)&50631+32 > Spefie? @2)oVBFe +(r 2)(b+c))

Bl—(r—%2>(a+b) r—%2>(b+c)

Bz—(
> -0 (p) &

= P ova+b ovb+c > -7 (py) )
2 2
By—(r-Z-)(a+b) By—(r-Z)(b+c)
= P( <a :+>b = -7 (py) & <U b2+>C > -0 (p,) )
2 2
By—(r-Z-)(a+b) By—(r-Z)(b+c)
= P <a :+>b < 7 py) & —(J ,,ZJ,)C < @7 (py) )
o 1(py) ro 1 (py) 1 1
- ————exp (— 57— (Bf — 2pB;B, + B}))dB,dB
f_m f_oo 2m0?1— p? exp ( 2(1 _pz)( i — 2pBB; + B3))dB,dB,

= Puww

P(first wins,second loses) = P(second wins) — pyw = P1 — Pww
P(first loses,second wins) = P(first wins) — Py, = P2 — Duw
P(both lose) =1—p, —p; + Puw

b
where p = \/W

Thus, resuming from (5):

W, W, P(Both win) + W, L,P(first wins, second loses) + L{W,P(first loses, second wins)
+ LiLyP(Both lose) — (Wipy + Li(1—p1))(Wop, + Ly(1 —p3))



= WiWapyww +W1L2(p1 - pww) + L1W2(p2 - pww) + L1L2(1 —p2—p1t+ pww)
— Wip1 + Li(1 — p1))(Wap, + Ly(1 —p2))

= WiWapww +W1L2(p1 - pww) + L1W2(p2 - pww) + L1L2(1 —p2—p1t+ pww)
— (Wip1 + Li(1 — p1))(Wap, + Ly(1 —p2))

=Wy — L)W, — Lp,,, + Wikop, + LiWap, + LiL(1—p, —p,) + WiW,p,p, + W,Lip,(1-p,)
+ Wilp (1 —p,) + Lil2(1—py)(1 —p,)

= Wy — L)W, — LZ)PWW + W, — L)W, — Lz)plpz
= Wy — L)W, — L) (P, — P1P;) (6).
Correlation(X,Y)

B Covariance(X,Y)

JVar(X)Var(Y)
_ Wy = L)W, = L) (pww — P1P2)

\/(E(XZ) - (E(X))z) (E(YZ) - (E(Y))Z)

Wy = L)W, = L) (Pww — P1D2)

\/(Wfpl + L1 = py) = W2p? — 121 = p))2 — 2WiLapy (1 — p) (E(Y2) = (E(N)°)

Wy = L)W, = L) (Pww — P1P2)

. \/(W1 —L)pi(1 —py1) (E(Yz) - (E(Y))z)

_ Wy = L)W, = L) (Pww — P1D2)
\/(W1 — L)Wy = Ly)p1 (1 — p)pa(1 — p2)

(Pww—P1P2) (7)

Vp1(1-p1)p2(1-p2)



